The gauge theory is the most important type of the field theory, in which the interactions of the elementary particles are described by the exchange of the gauge bosons. In this article, the gauge theory is reexamined as geometry of the vector space, and a new concept of "little gauge theory" is introduced. A key peculiarity of the little gauge theory is that the theory is able to give a restriction for form of the connection field. Based on the little gauge theory, Cartan geometry, a charged boson and the Dirac fermion field theory are investigated. In particular, the Dirac fermion field theory leads to an extension of Sogami's covariant derivative. And it is interpreted that Higgs bosons are included in new fields introduced in this article.
Introduction
The discoveries of Higgs boson-like particle [1] [2] and the gravitational wave signal [3] are very impressive for the elementary particle physics. And the dark matter and dark energy physics are also fascinating. In elementary particle physics, the standard model is the most successful model to explain almost experimental data. In the background of the success in the standard model, the gauge theory plays important roles. In the standard model the strong and electro-weak interactions of the elementary particles are described by the gauge symmetry SU(3)× SU L (2) × U Y (1). However, the standard model does not involve a theory explaining the interaction of the gravity. On the other hand, the gravity is explained by the gauge theory [4] . Towards to a unified concept of their interactions and Higgs interaction, the gauge theory should be reexamined. Its spirit is resembled as the idea of Sogami's generalised covariant derivative [5] . At the present, the quantum theory of gravity is not established in spite of a lot of efforts and attempts. It is one of the very important tasks to construct a renormalizable and unitary quantum gravity. Also for the theoretical physicists, a unified theory of all interactions including the gravity is one of our dreams.
In this article, before going to new physics beyond the standard model, we reinvestigate "What is the gauge theory?" in the framework of the vector analysis. The meanings of the gauge theory are that physical reality does not depend on any artificial point of view. The more concrete definition of the gauge theory is given by the section 2. In section 2, we explain the gauge theory as geometry of the vector space. A concept of "pull back differential" is introduced, and several results by the differential geometry are reproduced in the vector analysis. In particular, the metric compatibility condition is naturally derived. It is not obvious how the connection field introduced in the gauge theory are related with the physical quantities as Hermite fields. In section 3, we introduce a concept of "little gauge theory". The little gauge theory is mathematically the gauge theory for the constant metric frame bundle.
The little gauge theory restricts the form of the connection field. The relation between the little gauge theory and the gauge theory is discussed briefly. As applications of the little gauge theory, Cartan geometry, U(1) gauge theory of a charged boson, and the Dirac fermion field theory are presented in the remaining part of this article. In section 4, based on the gauge theory and the little gauge theory, some known results of Cartan geometry are derived. The relations between both theories are explicitly obtained by the external vielbein. In section 5, the gauge theory and little gauge theory of a charged boson are illustrated. Then the usefulness of the little gauge theory will be realized. In section 6, the Dirac fermion field theory is presented. Based on the little gauge theory, gauge fields are introduced by the pull back differential and the metric compatibility condition. It leads to an extension of Sogami's covariant derivative [5] . The implications of their gauge fields are discussed. In particular, a new interpretation of Higgs bosons is given. In last section 7, other applications of the little gauge theory are discussed. By following the results of section 6, the constructing method of Lagrangian for the Dirac fermion field theory is discussed. Based on the little gauge theory, some of new directions are proposed.
Gauge theory of the vector space
The gauge theory is just defined by the following sentence: "All physical realities in nature should not depend on any choice of the internal and external coordinate frames which are artificially introduced in order to represent the quantities of their physical realities."
In this section, the gauge theory as the geometry of the vector space is explained and reexamined.
It is a well-known example that the abstract vectors do not depend on the choices of the basis that are artificially introduced in order to represent the abstract vectors. Suppose a physical reality Z is a quantity in the N dimensional vector space over the K field. Then one can artificially define the basis vectors e I (I = 1, · · · N) in the vector space. With the basis vectors, the physical reality Z is represented by
where Einstein's summation rule is adopted through this article. The component Z I is called where * means that Z(q + dq) is evaluated on the point P. Mathematically * Z(q + dq) is the pull back for the isometry map f :
The basis vector e I (q) can be defined on each point of the manifold. The choice of the basis and the external coordinate is mathematically equivalent to taking the section of the vector bundle. Let it be written by Z(q) = Z I (q)e I (q) on the point P. Then we obtain
Here we can evaluate the two quantities * Z I (q + dq) and * e I (q + dq) as the followings: and * e I (q + dq). For the simplicity, we introduce the symbol ∂ µ as the followings:
We call the symbol ∂ µ the pull back differential, which is related to the parallel transport.
The Leibniz rule holds for the pull back differential. Thus dZ(q) is obtained as
Then we have the convenient notation called as the covariant derivative D µ :
where
Supposed that the inner product of the vector bundle space is defined on each point of the manifold, we can define the metric of the vector space as
By the pull back differential of Eq.(2.16)
we obtain the metric compatibility condition
Once the generic metric E IJ (q) is chosen, the metric compatibility condition gives restriction between the connection field and its Hermite conjugate field. However, it is not clear how the connection field can be described in terms of Hermite fields in the generic case. Therefore 
The pull back differential of Eq. (2.20) is obtained as 
Now we can define the field strength F I Jµν of the connection field as the followings:
The straightforward calculation for the right hand side of Eq. (2.25) shows
Therefore the field strength for the basis e I (q) takes the following form
One can obtain the following relation between the field strengths F 
Therefore under the gauge symmetric transformation (2.20) of the vector space basis, the field strength transforms as the followings:
For another choiceq of the space-time parametrisation, the physical reality Z is represented by Z(q). The physical reality Z should not depend on the choice of the spacetime parametrisation, i.e. Z(q) = Z(q). Ifq is the smooth function of the original space parametrisation q,q is written byq µ =q µ (q). Then it is called the gauge transformation for the space-time parametrisation. Supposed that the basis vectorȇ I (q) is transformed as e I (q) =Ω I J (q)e I (q). From the chain rule for the derivative, the relation between the pull back differential ∂ µ for q µ and∂ µ forq µ is given by Jµν (q) forq can be defined by the pull back differential forȇ I (q), respectively, as
For the gauge transformation for the space-time parametrisation, the connection field and the field strength are transformed as
Then it turns out that the connection field does not transform as tensor in generic case.
Little Gauge Theory
In the gauge theory, it is unclear how the connection field can be described in terms of Hermite fields. Here we introduce the little gauge theory as:
Definition of the little gauge theory:
Utilizing the freedom of how to choose the vector space basis, we can take the special basis to be the constant metric E f IJ that is defined by ∂ µ E f IJ = 0. The little gauge theory is the theory fixed to the constant metric E f IJ . And the little gauge theory is the little subset of the gauge theory.
Once the little gauge theory is constructed, the gauge theory can be brought back by utilizing the degree of freedom of how to choose the vector space basis for physical reality.
One of the characteristics in the little gauge theory is to be able to restrict the form of the connection field by the metric compatibility condition (2.18). In fact, the metric compatibility condition for the constant metric E f IJ become
In the little gauge theory, there still exists the symmetric continuous transformation
The transformation Ω 
and
Note that the little gauge theory is very similar to the theory referred as "the gauge theory" in the standard model and so on. In the remaining part of this article, the gauge theory and the little gauge theory are illustrated. And implications of the little gauge theory will be clarified.
Cartan geometry as the gauge theory and the little gauge theory
In this section, Cartan geometry, which is an extension of Riemann geometry, is reexamined at the gauge theoretical point and the little gauge theoretical point of views. And it is shown that the external vielbein represents the map between the little gauge theory and the gauge theory.
Cartan geometry as the gauge theory
Let the physical reality r 5 be the space-time reality described by the 4 dimensional manifold.
Any point P on the space-time reality r can be represented by the general coordinate q µ ,
i.e. r = r(q), which is assumed as the smooth and differentiable function of q. The basis vectorê µ (q) of the tangent vector space T P M on P is naturally introduced by the pull back differential of r(q) on the point P, i.e.ê
Then the tangent vector bundle TM(r) is defined over the space-time. The choice of the general coordinate q µ andê µ (q) corresponds to taking the section of the tangent vector bundle TM(r). Supposed that the real inner product of the tangent vector space is defined on each space-time point. Then the metric g µν (q) of the basis vector is obtained as
Because of the symmetry for the real inner product, g µν (q) = g νµ (q). Then the inner product for the vectors
The affine connection field Γ λ νµ (q) is defined by the pull back differential ofê µ (q) as
For the vector Z(q) = Z µ (q)ê µ (q) in the tangent vector, the pull back differential leads to
Therefore the covariant derivative ∇ µ of the contravariant component Z ν (q) is obtained as
5 Note that the space-time reality r is not the vector.
which is just interpreted as the representation for the pull back differential of ∂ µ Z(q). The metric compatibility condition is derived by the pull back differential of Eq.(4.38):
Thus in this formulation this condition is not the postulation.
For the inverse metric g µν (q) of the metric g µν (q), the pull back differential of g µν (q) is obtained from g µν (q)g νρ (q) = δ µ ρ , where δ µ ν is the unit matrix element. The direct calculation shows
Here let introduce the covariant component Z µ (q) and the dual basisê µ (q) by using g µν (q) and g µν (q), respectively, as
By using Eqs. (4.40) and (4.44), we can obtain the pull back differential ofê µ (q) as follows:
Because the vector Z(q) in the tangent vector is rewritten by Z(q) = Z µ (q)ê µ (q), the pull back differential of Z(q) is obtained by the similar calculation to Eq. (4.41) as
The covariant derivative ∇ µ of the covariant component Z ν (q) is defined by
Let us consider a physical reality W (q) in the direct product space of the basisê µ (q) and the dual basisê µ (q), i.e.
Then we define the covariant derivative in terms of the pull back differential as follows:
where by the direct calculation it is shown that
With this covariant derivative, the metric compatibility condition (4.43) is written by
The torsion T µν λ (q) is defined as
Therefore we obtain
If the integrability condition (∂ µ ∂ ν − ∂ ν ∂ µ )r(q) = 0 is imposed, then the affine connection Γ λ νµ (q) is symmetric for exchange of the index µ and ν. Such torsionless geometry is called Riemann geometry. However there is no theoretical reason why such imposition is demanded.
The field strength called as the curvature is defined by
By the definition, we obtain
The curvature satisfy the so-called first and second Bianchi identity. The proof is given in the appendix.
For another choice of the external coordinateq µ , the basis vectorȇ µ (q), the affine con- where Λ µ α (q) = ∂q α ∂q µ . Then by some calculations, it is shown that the affine connection field, the torsion, and the curvature are also transformed as 
Cartan geometry as the little gauge theory
From now, Cartan geometry as the little gauge theory is examined. In the little gauge theory, as the basis of the tangent vector space, we can take the new basisê a (q) (a = 0, 1, 2, 3) so that the constant metric is The dual basis is defined asê a (q) = η abê b (q). The pullback differential of the dual basiŝ e a (q) is
For a physical reality W (q) in the direct product space, supposed that it is written by
The covariant derivative ∇ µ for the local Lorentzian space is defined by the pull back differential of W (q) as
which calculation shows that
The field strength F a bµν (q) is defined by
which leads to the following equation: 
where Ω a b (q) is the inverse transformation Ω a b (q).
For changing the external coordinate q µ toq µ , the basis vector transforms asȇ µ (q) = Λ µ ν (q)ê ν (q). Here Λ µ ν (q) = ∂q µ ∂q ν . By the direct calculations, the external vielbein, the little connection field and the field strength are also transformed as e a µ (q) = Λ µ ν (q)e ν a (q), The little gauge theory of Cartan geometry is related to the gauge theory of Cartan geometry through the external vielbein e µ a (q) as Eq. (4.60).
The mixed direct product space by the mixed basisê µ (q),ê ν (q),ê a (q) andê a (q) is also considered. By the pull back differential of physical reality in the mixed direct product space, the covariant derivative ∇ µ is defined as the extension of Eqs. (4.51) and (4.67).
From now, the metric, the torsion, the affine connection and the curvature obtained in the gauge theory are related to the little connection field in terms of e µ a (q). From the pull back differential of Eq. (4.60) and the affine connection, we obtain
Therefore the affine connection field is related to the the little connection field as 
respectively. Note that the curvature is proportional to the field strength F a bµν (q) that does not involve the external vielbein. Thus the curvature is made from the little connection field and the external vielbein is not so related for the existence of the curvature.
By the definition (4.38) of the metric g µν (q), it is induced by the following equation
The pull back differential of the above equation leads to the following equation
By using the covariant derivative, the above equation is written by
Therefore the metric compatibility condition and the external vielbein condition are compatible with each other.
By the above construction, the external vielbein maps from the little gauge theory to the gauge theory. The most important question is "What is the external vielbein?". It is not the connection field. However, the external vielbein is very important, because it connects the external coordinate and local Lorentzian frame and it also gives the definition of the distance.
In section 7, a way of solutions for the question is suggested. The full answer is beyond the scope of this article.
U(1) gauge theory of the charged boson
The most well-known example of the gauge theory is the U (1) Then the metric compatibility condition is
The field strength F µν (q) is defined by
which leads to
For the gauge transformation e ′ (q) = Ω(q)e(q), the metric, the the connection field and the field strength are transformed as
Here note that Ω(q) is complex-valued function. The connection field cannot remain as
Hermite field by the degree of freedom of the gauge transformation in the gauge theory. The physical meaning of the connection field is not explicit. Therefore the connection field in the gauge theory is not tamed.
In the little gauge theoretical point of view, the model of the charged boson is considered below. This is mathematically the same as the gauge theory for the unitary frame bundle on Hermitian target manifold. One can find the basis vectorẽ(q) with the constant metric κ = (ẽ(q),ẽ(q)) = 1. The vector field Φ(q) is represented by
The pull back differential ofẽ(q) is described by the connection field
Since the metric κ is constant, the condition for the connection field is obtained as
from the metric compatibility condition. By introducing Hermite field B µ (q) called as the U(1) gauge boson field, the fieldÃ µ (q) can be described bỹ
where g is a coupling constant. Then the covariant derivative of the charged boson is written by
By the (little) gauge transformationẽ ′ (q) = e iθ(q)ẽ (q) preserving the constant metric κ, the vector field Φ(q) is also represented by 
Under the general coordinate transformationq =q(q), the U(1) gauge boson fieldB µ (q) and the field strengthF µν (q) are also defined in the little gauge theory. It is also shown that they transform asB
where Λ µ ν (q) = ∂q n u ∂q µ . By mapping from this little gauge theory to the gauge theory as e(q) = ϕ(q)ẽ(q), the connection field A µ (q) in the gauge theory is tamed as
in terms of Hermite field B µ (q). And it turns out that the little gauge theory plays important role to determine the form of the connection field in the gauge theory.
Dirac fermion field theory
In this section, the Dirac fermion field theory is considered based on the little gauge theory.
This example is the case of the complex target manifold equipped with an indefinite inner product.
Supposed that the Dirac fermion field Ψ on the 4 dimensional space-time as the physical reality. For a choice of the space-time parametrisation q µ , Ψ is assumed as the function of q µ . We choose the basis vector e I (q) of Ψ(q) so that the metric of the spinor inner product satisfies the condition and Ψ 2 (q) is given by
The pull back differential of e I (q) is described by the little connection field 
Therefore these connection fields A µ (q), E µ a (q), B µ ab (q),Ẽ a µ (q) are anti-Hermite fields and A (5) µ (q) is Hermite field. We redefine the little connection fields by introducing the Hermite
µ (q) and the real coupling constants g 1 , g 2 , g 3 , g 4 , g 5 as the followings:
The pull back differential of the fermion reality Ψ(q) is obtained as
We can define the generalised covariant derivative matrix D µ as
This generalised covariant derivative is the extension of Sogami's one.
In the little gauge theory, the axial gauge boson with the form igA 
(6.107)
The form of the field strength F J Iµν (q) is obtained by the direct calculation. Here the explicit form is beyond the scope of this article. The details will be given by the next article [6] .
In the little gauge theory, the little gauge transformation Ω I J (q) as e ′ I (q) = Ω I J (q)e J (q), which preserve the metric (6.98), is given by
The transformation is not the unitary transformation. Following the transformation, the new
(q) is defined, and the connection field can be expanded by
The metric compatibility condition leads to the introduction of gauge boson fields
µ (q). From the direct calculation, it is shown that the gauge fields are transformed as
In this little gauge theory, all gauge bosons were emergent as the shift of the spinor basis.
The general gauge theory is directly obtained by utilizing the degree of freedom of choices for the basis. The further research of the Dirac fermion field theory by the little gauge theory will be continued in details [6] .
Discussion
In this article, we introduced the concept of the little gauge theory. The heart of the little gauge theory is that it does give the restriction to the connection field by the metric compatibility condition. As the result, Hermite gauge fields are appeared in the connection field and covariant derivative. Also, the gauge theory is reproduced as the map from the little gauge theory.
As the first example of our construction, Cartan geometry was considered in section 4. The metric compatibility condition and the external vielbein condition were naturally derived. It turns out that some known results for Cartan geometry are reproduced. Although the multiindex theory was suppressed in order to avoid complexities in this article, it is possible to construct extended Cartan geometry with multi-index.
In section 5, by the well-known example of the charged boson, it is shown that the connection field cannot be tamed in the situation only for the general gauge theory. By the little gauge theory, it was shown that the little connection field is described in terms of the U (1) gauge boson. By the map from the little gauge theory to the gauge theory, the connection field in the gauge theory was explicitly written by the U(1) gauge boson. As the results, the usefullness of the little gauge theory was illustrated.
In section 6, the Dirac fermion field theory was presented. By following that our question which is different from the little connection field of Cartan geometry. The details will be appeared in [6] . Then the external vielbein is related to the dynamics of the fermion and the gauge bosons through the action. The dark matter and dark energy may be explained in this direction.
However, our little gauge theory of the Dirac fermion field theory is not achieved at the phenomenological level. A theory involving all elementary particles should be presented.
In the direction, SO(10) grand unified theory and so on are considered. As one of other directions, the little gauge theory can be applied to the unified description of quarks and leptons in a multi-spinor field formalism [7] . New investigations based on the little gauge theory will be opened towards to new physics beyond the standard model and the quantum theory of gravity.
In this article, the connection fields and the gauge fields are introduced, as our recognition of the space-time is four dimensional manifold. By the definition, the connection fields are propagated only in the four dimension. The reason why our recognition of the space-time is four dimensional manifold is veiled in this line. It will be clarified by the string theory or the super string theory.
where (αβγ) stands for the circular summation, and the r.h.s is 
where ∂ β ∂ γ − ∂ γ ∂ β Γ ρ σα (q)ê σ (q) = Γ ρ σα (q) ∂ β ∂ γ − ∂ γ ∂ β ê σ (q) was used. As these results, we obtain the second Bianchi identity 
